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ABSTRACT 

The second term h a s  been o b t a i n e d  i n  t h e  asynip to t ic  se r ies  

f o r  t h e  second ( l o n g i t u d i n a l )  a d i a b a t i c  i n v a r i a n t  of cha rged  

p a r t i c l e  motion i n  a s t a t i c  magne t i c  f i e l d .  T h i s  c o r r e c t i o n  t o  t h e  

l o w e s t  o r d e r  i n v a r i a n t  h a s  two s o u r c e s :  t h e  c o r r e c t i o n  t o  t h e  

lowes t  o r d e r  magne t i c  moment and t h e  integrateL1 e l f e c t  of t h e  

g u i d i n g - c e n t e r  d r i f t  a c r o s s  t h e  f i e l d  l i n e s .  The second term i s  

found t o  v a n i s h  a t  t h e  m i r r o r  p o i n t s ;  t h e r e f o r e  A i r i n g  i t s  motion 

between m i r r o r  r e f l e c t i o n s ,  t h e  g u i d i n g  c e n t e r  d e v i a t e s  from t h e  

s u r f a c e  on which t h e  lowes t  o r d e r  i n v a r i a n t  i s  c o n s t a n t  and 

i n t e r s e c t s  t h i s  s u r f a c e  a t  r e f l e c t i o n .  

'{Part  of t h i s  a u t h o r ' s  work done a t  h i s  p r e s e n t  a d d r e s s :  ,XASA, 

Goddard Space F l i g h t  C e n t e r ,  G r e e n b e l t ,  Maryland 

'Work s u p p o r t e d  by c o n t r a c t  AT-(30-1) -1233 w i t h  t h e  Un i t ed  S t a t e s  

Atomic Energy Conmission. 



- 2 -  

I .  INTRODUCTION 

T h i s  paper  c o n t a i n s  a s y s t e m a t i c  d e r i v a t i o n  o f  t h e  n e x t  

term beyond t h e  lowes t  o r d e r  f o r  t h e  second a d i a b a t i c  i n v a r i a n t  

of  a cha rged  p a r t i c l e  i n  a magnet ic  f i e l d .  A cha rged  p a r t i c l e  i n  a n  

e l e c t r o m a g n e t i c  f i e l d  p o s s e s s e s  up t o  t h r e e  approximate  i n v a r i a n t s  

of i t s  mot ion .  The f i r s t  i s  t h e  Alfvgn i n v a r i a n t ’  o r  magnet ic  moment 

$:/2moB, where&is  t h e  component of par t ic le  momentum c u  perpen-  

d i c u l a r  t o  t h e  magne t i c  f i e l d  &. 

t h e  momentum i n  t h e  r e f e r e n c e  frame i n  which t h e  e l e c t r i c  f i e l d  

v a n i s h e s .  Magnet ic  moment i n v a r i a n c e  r e q u i r e s  t h a t  Cielcis va ry  

s lowly  compared t o  t h e  p a r t i c l e  g y r a t i o n  p e r i o d  anti g r a d u a l l y  

compared t o  t h e  g y r a t i o n  r a d i u s .  The second i n v a r i a n t 2 ’  i s  an 

i n v a r i a n t  of t h e  g u i d i n g - c e n t e r  e q u a t i o n s  of mot ion ,  which are 

e q u a t i o n s  o b t a i n e d  by ave rag ing  o v e r  t h e  p a r t i c l e  g y r a t i o n  abou t  

t h e  magnet ic  f i e l d  l i n e .  The second i n v a r i a n t  i s  t h e r e f o r e ,  also 

a n  i n v a r i a n t  of t h e  p a r t i c l e  mot ion ,  from which t h e  g u i d i n g - c e n t e r  

e q u a t i o n s  are d e r i v e d .  Th i s  second i n v a r i a n t  e x i s t s  when t h e  

g u i d i n g - c e n t e r  motion a long  a f i e l d  l i n e  i s  n e a r l y  p e r i o d i c ;  t h e  

i n v a r i a n t  i s  fv , , d s ,  where p i s  t h e  component of g u i d i n g - c e n t e r  

momentum p a r a l l e l  t o  l3, and t h e  i n t e g r a l  e x t e n d s  o v e r  a p e r i o d  of 

t h e  motion i n  s ,  which i s  d i s t a n c e  a l o n g  t h e  l i n e .  The t h i r d  

i n v a r i a n t ’  i s  an  i n v a r i a n t  of e q u a t i o n s  of motion r e s u l t i n g  when 

t h e  g u i d i n g - c e n t e r  e q u a t i o n s  are averaged  o v e r  t h e  p e r i o d i c  motion 

a l o n g  the f i e l d  l i n e  ( and  t h e r e f o r e  i s  an i n v a r i a n t  of t h e  p a r t i c l e  

motion a l s o ) ;  i t  e x i s t s  when t h e s e  t iocbly ave raged  e q u a t i o n s  have 

I f  t h e r e  i s  an e l e c t r i c  f i e l d , f L i s  

I1 
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n e a r l y  p e r i o d i c  s o l u t i o n s ,  and t h i s  o c c u r s  when t h e  s u r f a c e s  of 

c o n s t a n t  second i n v a r i a n t  a r e  t o p o l o g i c a l l y  c y l i n d e r s .  The t h i r d  

i n v a r i a n t  19 i s  t h e  magne t i c  f l u x  t h r e a d i n g  a second i n v a r i a n t  

c y l i n d e r .  I t s  i n v a r i a n c e  i s  t r i v i a l l y  t r u e  i n  s t a t i c  f i e l d s  and 

becomes of s i g n i f i c a n c e  o n l y  i n  t ime-dependent  f i e l d s .  

The t h r e e  i n v a r i a n t s  d e s c r i b e d  above are r e a l l y  o n l y  t h e  

l o w e s t  o r d e r s  o f  t h r e e  a sympto t i c  ser ies  of t h e  form 

c o n s t a n t  Mo + eM1 + eZM2 + - - - - - - - -  , 

c o n s t a n t  a Jo + eJ1 + e J2 + - - - - - - - -  , 

c o n s t a n t  = Q O  + S Q ~  + c 2 @ 2  + - - - - - - - -  , 

where Mo i s  p ) /2moB,  Jo i s  

th rough  a s u r f a c e  of  c o n s t a n t  Jo .  

m a s s - t o - c h a r g e  r a t i o  of t h e  p a r t i c l e .  The i n v a r i a n c e  of K O ,  Jo, and 

Qo can be surmised (and demons t r a t ed )  by r a t h e r  p h y s i c a l  methods,  

w h i l e  t o  o b t a i n  h i g h e r  o r d e r  terms i n  e a c h  series may r e q u i r e  d e e p  

i n s i g h t  o r  a s y s t e m a t i c  method. I n  t h e  p r e s e n t  pape r  w e  u s e  a 

s y s t e m a t i c  method due t o  Kruska14 t o  o b t a i n  J1 f o r  s t a t i c  magne t i c  

f i e l d s .  Although the second i n v a r i a n t  e x i s t s  whenever t h e  motion 

a l o n g  a f i e l d  l i n e  i s  n e a r l y  p e r i o d i c ,  w e  c o n f i n e  o u r s e l v e s  t o  t h e  

case where t h e  motion i s  o s c i l l a t o r y  between t w o  m i r r o r s .  The c a s e  

where t h e  p a r t i c l e  t r a v e r s e s  a c l o s e d  f i e l d  l i n e  always i n  t h e  same 

s e n s e  must be t r e a t e d  s e p a r a t e l y  i n  t h e  s y s t e m a t i c  d e r i v a t i o n .  

However, a d i r e c t  d e r i v a t i o n  of  J1 t o  be g i v e n  a t  t h e  end of t h e  

pape r  shows t h a t  t h e  r e s u l t  i s  t h e  same as f o r  t h e  o s c i l l a t o r y  case. 

The proof of t h e  i n v a r i a n c e  of Jo i n  r e f e r e n c e  3 i s  v a l i d  f o r  t h e  

(1) 
2 

d s ,  and 'PO i s  t h e  magne t i c  f l u x  t h r e a d i n g  f ?I 
The expans ion  pa rame te r  e i s  t h e  
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c l o s e d  f i e l d - l i n e  c a s e  as w e l l  as f o r  t h e  o s c i l l a t o r y  case. 

XI. THE SYSTEMATIC METHOD 

The s y s t e m a t i c  method p resupposes  coup led  e q u a t i o n s  of  motion 

ef t h e  f=rm: 

where 5 h a s  a f i n i t e  number N of  components and f p o s s e s s e s  a power 

ser ies  expans ion  i n  t h e  s m a l l  pa rame te r  e .  F u r t h e r m o r e ,  i t  i s  

r e q u i r e d  t h a t  a l l  s o l u t i o n s  of t h e  system dz/dT = f ( x ,  0) t r a v e r s e  

c l o s e d  t r a j e c t o r i e s  i n  space.  The e q u a t i o n  of motion of a charged 

p a r t i c l e  can be p u t  i n t o  t h i s  form w i t h  e e q u a l  t o  m / e .  The method 

shows how t o  o b t a i n  a t r a n s f o r m a t i o n  from t h e  N v a r i a b l e s  t o  a n o t h e r  

se t  (2, @) which have t h e  p r o p e r t y  t h a t  t h e  e q u a t i o n s  of  motion are 

t h e  i m p o r t a n t  p o i n t  b e i n g  t h a t  @ d o e s  n o t  appea r  on t h e  r i g h t  s i d e s ,  

and t h a t  x- = ~ ( 2 ,  @, s )  i s  p e r i o d i c  i n  @. 
components. 

o b t a i n e d  as series i n  e .  

The v e c t o r  2 h a s  N - 1  

The t r a n s f o r m a t i o n  and t h e  new f u n c t i o n s  & and O) are 

I f  i n  a d d i t i o n  t h e  e q u a t i o n s  ( 2 )  are c a n o n i c a l ,  w i t h  5 t h e  

v e c t o r  (E, s ) ~  then t h e r e  e x i s t s  t h e  a d i a b a t i c  i n v a r i a n t  

where p and q are t h e  c a n o n i c a l  momentum and p o s i t i o n ,  and 
w M. 



where t h e  i n t e g r a l  i s  ove r  a p e r i o d  of $. The i n v a r i a n t  i s  

t i le  2. o b t a i n e d  as a ser ies  i n  8 and,  a l t h o u g h  a f u n c t i o n  of 

v a r i a b l e s ,  may be r e w r i t t e n  i n  terms of t h e  o r i g i n a l  ,xh v s r i a b l e  : 

by i n v e r t i n g  t h e  t r a n s f o r m a t i o n .  To have an  i n v a r i a n t ,  i t  i s  n o t  

r e a l l y  n e c e s s a r y  t h a t  ( 2 )  themselves  be c a n o n i c a l - o n l y  t h a t  t hey  

be t r a n  s f ormab 1 e i n  t o  canon i c a  1 e q u a t i o n  s . 
The t r a n s f o r m a t i o n  2 t o  (2, s) i s  n o t  macle d i r e c t l y ,  b u t  

f o r  convenience  by way of i n t e r m e d i a t e  v a r i a b l e s  ( y ,  u ) ,  where y 

i s  any v e c t o r  c o n s t a n t  on t h e  c l o s e d ,  l o ~ e s t - o r d e r  (; Z- 0 )  

s o l u t i o n s  of ( 2 ) ,  and u i s  an a n g l e - l i k e  v a r i a i - i e  s p e c i f y i n g  t h e  

p o s i t i o n  around such c l o s e d  cu rves .  

.Iy ,%4 

The t h e o r y  as d e s c r i b e d  so Car will produce oq ly  one a d i n t p t i c  

i n v a r i a n t  se r ies  ( t h e  magnet ic  moment) , b u t  t o  m y  o r d e r  i.1 8 

d e s i r e d ,  The second (and t h i r d )  a d i a b a t i c  i n v a r i 3 '  t s  e r e  obte i i -ed  

from "reduced" e q u a t i o n s  of  motion a ?  f o l l o w s :  i t  c t -  Le sho:m 

t h a t  t h e  Poisson  b r a c k e t  [ c p ,  143 eq t l a l s  1 ,  wliirh ripan:, t h a t  9 2.1~1 I 1  

can be used  as con j u g a t e  v a r i a t l e s  i n  a c a n o n i c r l  t r ~ r . s f o r n a t i o n  

from ( p ,  q )  t o  ( p l y  M ;  q ' ,  $) where p '  End q '  have e a c h  one less  

component than  p and q .  (M i s  t h e  sum of t h e  r a 6 r . e t i c  moment 5eries 

t o  t h e  o r d e r  i n  8 t o  which one i s  work ing) .  

W k  .m nrr m L V  

'vn 

The ne/i  I iani i l tonian 

e q u a l s  - - 3 W ' / 3 p ,  2nd 

M i s  z e r o ,  berng  t h e  f i r s t  i n v a r i a n t .  Thus t h e  redL-ced system of 

e q u a t i o n s  i s  : 

~ ' ( p ' ,  q l ,  M ,  e )  i s  independent  of  5 s i n c e  - -  
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I f  t h e s e  a g a i n  have t h e  p rope r ty  t h a t  a l l  s o l u t i o n s  are c l o s e d  

i n  (E', 4 ' )  space  when c i s  ze ro ,  t h e n  a second i n v a r i a n t  e x i s t s  - 
in terms of new v a r i a b l e s ,  which w e  w i l l  c a l l  z '  : 

M1 

N e w  i n t e r m e d i a t e  v a r i a b l e s  ( y l ,  u ' )  w i l l  g e n e r a l l y  a l s o  be used  

F i n a l l y  a second r e d u c t i o n  can be performed t o  o b t a i n  t h e  t h i r d  

i n v a r i a n t .  The v a r i a b l e s  and t r a n s f o r m a t i o n s  are i l l u s t r a t e d  i n  

F ig .  1. Each t r a n s f o r m a t i o n  i s  c a r r i e d  o u t  as a ser ies  i n  t h e  

M 

expans ion  pa rame te r  8. 

Although ( p t 9  q ' ,  M ,  @) a r e  shown by t h e  a r row i n  F i g .  1 

as coming from ( p ,  q ) s  t hey  r e a l l y  come from t h e  e n t i r e  f i r s t  

l i n e ,  s i n c e  ( y ,  u) and (3 @) must be found i n  o r d e r  t o  de t e rmine  

M .  A similar s t a t e m e n t  h o l d s  from t h e  2nd i n v a r i a n t  l e v e l  t o  

t h e  3 r d .  

U L U I  

r r -  

M 
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With so many t r a n s f o r m a t i o n s  and v a r i a b l e s ,  t r i c k s  f o r  

r e d u c i n g  t h e  l a b o r  are ve ry  welcome. There  are s e v e r a l  such  

s h o r t c u t s .  For  one t h i n g ,  @ i s  n e v e r  needed ,  s i n c e  i t  i s  s i m p l e r  

t o  u s e  u as t h e  i n t e g r a t i o n  v a r i a b l e  i n  ( 4 ) ,  Likewise  i n  (6), v '  

i s  t o  be  u s e d .  

have  a l l  s o l u t i o n s  p e r i o d i c  when 8 ( o r  a n o t h e r  pa rame te r )  i s  z e r o ,  

as f o r  Eq. ( 2 ) ,  o r  i f  t h e y  can  be t r ans fo rmed  so t h a t  t h i s  i s  so ,  

the t h e o r y  f o l l o w i n g  Eq. ( 2 )  may be r e p e a t e d .  

p a r t i c l e ,  t h e  e q u a t i o n s  of  motion (3)  f o r  2 are themse lves  of t h e  

p r e s c r i b e d  form ( 2 )  w i t h  t h e  needed p e r i o d i c i t y  when 8 = 0 ,  a f t e r  

a t r i v i a l  r e s c a l i n g  of t h e  independent  v a r i a b l e .  Thus ( y l ,  ul) 

and (& I ,  I$#) can be o b t a i n e d  from t h e  5 v a r i a b l e s  r a t h e r  t han  by 

Second ly ,  i f  t he  dz/dT e q u a t i o n s  of motion (3) 

For  t h e  cha rged  

nm 

t h e  pathway of (:I, C J ~ ) .  Furthermore , i t  i s  prcved  i n  r e f e r e n c e  ( 4 )  

t h a t :  

t h a t  i s ,  t h e  o r i g i n a l  c a n o n i c a l  v a r i a b l e s  may be used .  Thus t h e  

r educed  c a n o n i c a l  v a r i a b l e s  ( ~ l ,  & ) ,  and y', need n o t  be found.  

pathway of t r a n s f o r m a t i o n s  a c t u a l l y  fo l lowed  i n  t h e  p r e s e n t  c a l c u l a t i o n  

i s  i l l u s t r a t e d  i n  F i g ,  2. 

( y l ,  ul) and n o t  between ( z ,  9) and (yl, u l ) .  

The 

The t r a n s f o r m a t i o n  i s  between 5 and 

- .nM M 
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i n  v a r  i an t 

F i g u r e  2: The t r a n s f o r m a t i o n s  and v a r i a b l e s  a c t u a l l y  used i n  t h i s  c a l c u l a t i o n .  
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Here (f, L) are t h e  p o s i t i o n  and  v e l o c i t y  of  t h e  p a r t i c l e .  

x v a r i a b l e s  can be r e g a r d e d  as e i t h e r  ( p ,  q )  o r  (L, -J), s i n c e  

t h e  p a r t i c l e  e q u a t i o n s  of motion can be w r i t t e n  i n  t h e  form of  (2 )  

w i t h  t h e  r e q u i r e d  p r o p e r t i e s  u s ing  e i t h e r  se t .  

The 

m N * r c  

I n  (7)  t h e  r i g h t  s i d e  a p p e a r s  t o  be a f u n c t i o n  of @ b u t  r e a l l y  

i s  n o t ,  s i n c e  t h e  l e f t  s i d e  i s  n o t ;  t h e  @ dependence of t h e  r i g h t  

s i d e  a c t u a l l y  must d i s a p p e a r .  T h i s  f a c t  g i v e s  a n o t h e r  s h o r t c u t  - -  

namely,  t h a t  any p a r t i c u l a r  value of @ d e s i r e d  can be used  i n  t h e  

f u n c t i o n s  p (  z '  , @'  

r e d u c e s  t h e  a l g e b r a .  

@) and q ( z ' ,  @ '  , @).  The c h o i c e  @ = 0 g r e a t l y  
* A -  

A f o u r t h  way t o  s i m p l i f y  t h e  c a l c u l a t i o n  i s  t o  choose t h e  y 
*M 

v a r i a b l e s  c l e v e r l y .  The y v e c t o r  i s  r e q u i r e d  o n l y  t o  be a c o n s t a n t  

of t h e  l o w e s t - o r d e r  m o t i o n ,  and t h e  (3 $1 f o l l o w  u n i q u e l y  from t h e  

( y ,  u ) .  

v a r i a b l e s ,  s i n c e  any f u n c t i o n  of a g i v e n  y i s  a l s o  a c o n s t a n t .  The 

g u i d i n g  p r i n c i p l e  i s  t o  choose f o r  t h e  components of q u a n t i t i e s  

which are b o t h  s imple  and c o n s t a n t  t o  as  h i g h  an o r d e r  i n  c as 

p o s s i b l e ,  even though t h e  theo ry  o n l y  r e q u i r e s  y t o  be a c o n s t a n t  of 

t h e  l o w e s t - o r d e r  motion.  For example,  one component of y '  i s  much 

b e t t e r  chosen as Mo + E MI rather than  j u s t  Mo a l o n e .  S i m i l a r l y ,  

one component of y i s  much bet ter  chosen  as t h e  approx ima te  g u i d i n g -  

c e n t e r  p o s i t i o n  than  as t h e  p a r t i c l e  p o s i t i o n ,  s i n c e  t h e  g u i d i n g  

c e n t e r  does  n o t  move as r a p i d l y  as t h e  p a r t i c l e .  

*M 

There c l e a r l y  are i n f i n i t e l y  many s u i t a b l e  c h o i c e s  f o r  t h e  v 
mr rvI 

m 

r*rg 

M1 

PIu. 

Although t h i s  s y s t e m a t i c  method of c a l c u l a t i n g  i n v a r i a n t  ser ies  
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i n  p r i n c i p l e  r e q u i r e s  on ly  r o u t i n e  l a b o r ,  i n  p r a c t i c e  t h e  amount 

of a l g e b r a  g e t s  o u t  of hand r a t h e r  r a p i d l y  u n l e s s  t h e  above s h o r t -  

c u t s  are u s e d ,  a long  w i t h  p h y s i c a l  i n t u i t i o n  i n  t h e  c h o i c e  of y .  
*y\ 

A f t e r  t h i s  long  b u t  n e c e s s a r y  d i s c u s s i o n  of t h e  method,  we now 

beg in  t h e  actual c a l c u l a t i o n ,  

111. THE CHARGED PARTICLE 

The p a r t i c l e  e q u a t i o n  of motion can be w r i t t e n  as 

where x i s  ( r ,  2) and T i s  t / e .  

t h e  second e q u a t i o n  (8) i s  the eqiiatioii of motion i n  a u n i f e r m  

When e i s  z e r o ,  r i s  c o n s t a n t  and 
*Ik h MI 

magne t i c  f i e l d  g. 
m B and i s  ( h a r m o n i c a l l y )  p e r i o d i c  i n  i t s  two components p e r p e n d i c u l a r  

t o  B .  

be  t h r e e  o r t h o g o n a l  u n i t  v e c t o r s ,  w i t h  5 p a r a l l e l  t o  E; 5 and E need  

n o t  be s p e c i f i e d  f u r t h e r .  

and d e f i n e d  as 

The s o l u t i o n L h a s  a c o n s t a n t  p r o j e c t i o n  a long  

A A  h 

Thus t h e  t r a j e c t o r y  i s  p e r i o d i c  i n  2 space .  L e t  k, 2 ,  and $ nn 
A A A 

The y v a r i a b l e s  w i l l  be denoted  by ( p ,  0 ,  'Q) 
*rc - 

A 

The c h o i c e  of  r i t s e l f  i n s t e a d  of t h e  g u i d i n g  c e n t e r  was t r i e d  for  

p b u t  l e d  t o  a more d i f f i c u l t  c a l c u l a t i o n .  Tlie y components TI and 0 

e- 

..A% u 
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are t h e  components of p a r t i c l e  v e l o c i t y  p a r a l l e l  and p e r p e n d i c u l a r  

t o  t h e  f i e l d  l i n e  a t  t h e  p a r t i c l e  p o s i t i o n ,  

chosen  as 

The u v a r i a b l e  i s  

The i n v e r s e  t r a n s f o r m a t i o n  can be o b t a i n e d  t o  any o r d e r  d e s i r e d  from 

where 

are : 

ea 2nu.  The e q u a t i o n s  of motion f o r  x (du/dT i s  n o t  needed)  

where t h e  : n o t a t i o n  means c o n t r a c t i o n  f i r s t  of t h e  two i n n e r  v e c t o r s  

and t h e n  of t h e  two o u t e r  o n e s .  
n... A 

For example i n  (13b)  $E : V &  means 

nrrr M - [& - V )  IJ. 

The components of z - w i l l  be deno ted  by t h e  Greek c a p i t a l s  of t h e  

c o r r e s p o n d i n g  y components - i . e . ,  by (By c y  14). 

r e c u r s i o n  and p e r i o d i c i t y  r e l a t i o n s  (B19 -B28)  i n  r e f e r e n c e  

By u s e  of t h e  
2.n 

w e  
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o b t a i n  

The e x p r e s s i o n  f o r  $I i s  n o t  needed ,  s i n c e  u w i l l  be used  as t h e  

i n t e g r a t i o n  v a r i a b l e ;  (13d)  i s  i n c l u d e d  o n l y  t o  show t h a t  ci, - 0 

when u = 0 ,  a f a c t  t h a t  w i l l  be used  la ter .  

(z, C, H )  have a l s o  been c a l c u l a t e d ,  b u t  are t o o  l e n g t h y  

h e r e .  

c o n t r i b u t i o n  t o  $ v a n i s h ,  and t h i s  w i l l  a f f o r d  much s i m p l i f i c a t i o n  

later.  

The c 2  terms of  

t o  i n c l u d e  

Note t h a t  c h o o s i n g &  t o  be t h e  g u i d i n g  c e n t e r  h a s  made t h e  e 

The e q u a t i o n s  of motion f o r  t h e  & v a r i a b l e s  (dglds- i s  n o t  needed)  

are : 
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- -  dH = c_zo. - E times t h e  o r d e r  E terms of  dC + 0 ( e 2 ) .  ( 1 4 4  e d'r 2 e d7 

S i n c e  ET i s  t i m e  t ,  t h e  l e f t  s i d e s  are t h e  g u i d i n g - c e n t e r  

v e l o c i t y  d E / d t ,  e t c .  

f i e l d  i s  t h e  sum of t h e  u s u a l  g r a d i e n t - B  and l i n e - c u r v a t u r e  d r i f t s ,  

w h i l e  t h e  p a r a l l e l  motion h a s  b o t h  z e r o - o r d e r  and f i r s t - o r d e r  

components.  The e q u a t i o n s  f o r  dC/d t  and dH/dt  g i v e  

The component of dPJdt p e r p e n d i c u l a r  t o  t h e  

= o ( 2 )  - d E' + H2 
d t  2 

which i s  ene rgy  c o n s e r v a t i o n ,  while  t h o s e  f o r  dC/dt  and d & / d t  g i v e  

d Cz 
CG 2B($)' 

which i s  c o n s e r v a t i o n  of t h e  l o w e s t - o r d e r  magne t i c  moment Mo. 

The s o - c a l l e d  " g u i d i n g - c e n t e r  e q u a t i o n s " ,  which are u s u a l  i n  

n u m e r i c a l  i n t e g r a t i o n s  des igned  t o  f o l l o w  t h e  g u i d i n g  c e n t e r ,  are 

t h e  set  (see f o r  example r e f e r e n c e  5) 
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2 &(c2 + 1-i = c o n s t a n t ,  

2 c C o n s t a n t .  2B(P)  - = 

T h i s  i s  a h y b r i d  s e t ,  i n  that  o n l y  some of t h e  terms of  o r d e r  6 are 

r e t a i n e d  i n  d g / d t  and none of them i n  d Z / d t .  I t  i s  s i m p l e r  t h a n  

t h e  comple t e  set  (14) and i t s  u s e  h a s  v a l i d i t y ,  a s  will Le 

d i s c u s s e d  a t  t h e  end  of t h e  paper .  

A t  t h i s  p o i n t  t h e  n e x t  term o f  t h e  magne t i c  mo.nent ser ies  can 

be c a l c u l a t e d .  We w i l l  riot g ive  d e t a i l s ,  b u t  j u s t  t h e  r e s u l t .  

S i n c e  t h e  h i g h e s t  o r d e r  term we w i l l  need  i n  t h e  m a p e t i c  moment 

ser ies  i s  " 1 ,  M w i l l  s t a n d  h e n c e f o r t h  f o r  M o  I L M ~ ,  so  t h a t  dM(&)/dt 

i s  'of o r d e r  c 2 .  When e x p r e s s i o n  (13) i s  w r i t t e n  i n  terms of  ( L ,  ,v) 

i t  a g r e e s  w i t h  E q .  ( 2 8 )  oi' r e f e r e n c e  ( 6 ) .  

We now proceed  t o  t h e  reduced sys tem and t h e  second i n v a r i a n t .  

I.E w e  set  6 = o i n  ( 1.4) w e  have 
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Figure 3 :  The projection of the lowest-order trajectory into the C - H  plane. 
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The f i r s t  e q u a t i o n  s a y s  t h a t  t h e  g u i d i n g - c e n t e r  moves a l o n g  a 

f i e l d  l i n e  w i t h o u t  d e v i a t i n g  from i t ,  t h e  d r i f t s  hav ing  van i shed  

f o r  e a 0.  The second and t h i r d  e q u a t i o n s  show how t h e  para l le l  

and  p e r p e n d i c u l a r  e n e r g i e s  i n t e r c h a n g e  i n  t h e  u s u a l  m i r r o r  manner.  

The motion i s  t h e  f ive -d imens iona l  space  (E', E ,  H )  i s  a c l o s e d  

l o o p ;  t h e  p r o j e c t i o n  of t h e  loop i n t o  t h e  C -  H p l ane  i s  d o u b l e ,  

as i l l u s t r a t e d  i n  F i g .  3. 

T h e J '  v a r i a b l e s  are t o  be chosen as c o n s t a n t s  of t h e  motion 

a l o n g  t h i s  p a t h .  One component of y '  i s  n a t u r a l l y  taken  as t h e  

e n e r g y  K f (C' + H 2 ) / 2 .  

and i n  a c c o r d  w i t h  t h e  t echn ique  of choos ing  t h e  y v a r i a b l e s  as 

c o n s t a n t  as p o s s i b l e ,  we u s e  M o C2/2B(z,) + cM1, where M1 i s  

g i v e n  i n  (18). 

where CY and fi are two f u n c t i o n s  of p o s i t i o n ,  c o n s t a n t  on e a c h  

f i e l d  l i n e ,  such  t h a t  t h e  vec to r  p o t e n t i a l  A- i s  a@ and & i s  VaxPP.  

( S e e  r e f e r e n c e s  7 and 8 ) .  

on a f i e l d  l i n e ,  ct and B are s u t i a b l e  f o r  y '  components .  The a n g l e  

v a r i a b l e  u' w e  d e f i n e  as t h e  f r a c t i o n  of i t s  t o t a l  l o n g i t u d i n a l  

o s c i l l a t i o n  p e r i o d  T t h e  p a r t i c l e  h a s  comple ted :  

MZ 

Another component i s  t h e  magne t i c  moment, 

,-.8 

The f i n a l  two components of y '  are a ( P )  and p(z,) , 
rkl ,- 

Since t h e  l o w e s t - o r d e r  motion i s  s t r i c t l y  

w 
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where t h e  p a t h  of i n t e g r a t i o n  i s  a l o n g  t h e  f i e l d  l i n e  on which; 

i s  l o c a t e d ,  and E o  i s  a z e r o  of the  denominator .  Fo r  t h e  o s c i l -  

l a t o r y  case we are c o n s i d e r i n g  t h e  denominator  w i l l  v a n i s h  a t  

two p o i n t s  Po and P I .  

which B i s  d i r e c t e d  towards  r a t h e r  t han  away from t h e  o t h e r ,  as 

For  d e f i n i t e n e s s ,  choose  20 as t h e  one a t  
rk * 

w 

i n  F i g .  4. 

p o s i t i v e  s i g n  i n  t h e  denominator  i s  t o  be u s e d  when i n t e g r a t i n g  

The p e r i o d  T i s  twice t h e  i n t e g r a l  from g o  t o  .€'I. The 
a 

from 20 t o 2 1  and t h e  n e g a t i v e  s i g n  on t h e  r e t u r n .  A p o i n t  on a 

f i e l d  l i n e  h a s  two v a l u e s  o f  u' whose sum i n  u n i t y .  I t  shou ld  be 

n o t e d  t h a t  t h e  denominator  i n  t h e  i n t e g r a l  (20) i s  n o t  e x a c t l y  

t h e  p a r a l l e l  g u i d i n g - c e n t e r  v e l o c i t y  at,g'; i t  i s  t o  lowes t  o r d e r  

o n l y .  From (14) t h e  p a r a l l e l  g u i d i n g - c e n t e r  v e l o c i t y  i s  

T h i s  can be  so lved  f o r  H ,  which can  then  be s u b s t i t u t e d  i n t o  

2[K - (Mo + cMl)B]. The r e s u l t  i s  

T h e r e f o r e  t h e  denominator  of (20)  i s  n o t  e x a c t l y  v When v i s  n o t  

t o o  small, t h e  s q u a r e  r o o t  of (21)  may be expanded t o  g i v e  

II * I1 
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I n  t h e  s p e c i a l  case w h e r e Z * v x  ,B : 0,  t h e  d i f f e r e n c e  

between t h e  p a r a l l e l  g u i d i n g - c e n t e r  v e l o c i t y  and _~2' ( K  - t4b)f  

d o e s  v a n i s h .  

The v a n i s h i n g  of  Z - v X i  i s  t h e  n e c e s s a r y  and s r : f f i c i e n t  c o n d i t i o n  

B 

..A c.0 ,. A 

The r e a s o n  i s  t h a t  ( N M  -MN):VL e q u a l s  ( ~ / C ) . [ ~ X B .  
,.A% u* w.. \v , 

f o r  t h e  e x i s t e n c e  o f  a f a m i l y  of  s u r f a c e s  o r t h o g o n a l  t o  the: f i e l d .  

S i : : p l i f i c a t i o n  sometimes a p p e a r s  i n  a d i a b a t i c  t h e o r y  when t h i s  

c o n d i t i o n  i s  met .  For  two o t h e r  cases, see r e f e r e n c e  7 ,  pages  39 

and  '70. 

I n  F i g .  4 ,  t h e  g u i d i n g  c e n t e r  i s  shown r e v e r s i n g  i t s  p a r a l l e l  

( i . e .  a t  v '  = $) because  by ( 2 1 )  t h e  dicnouinator  of 

0, and 

v e l o c i t y  a t  P i  

(20)  v a n i s h e s  up  t o  terms o f  o r d e r  C' when vI I  i s  d e f i n e d  

as a z e r o  of  t h e  denomina to r .  The o r d e r  c 2  ci iEference i s  i n v i s i b l e  

,* 

t o  t h e  o r d e r  t o  which .w.e a r e  imrkif ig .  

The e q u a t i o n s  of motion (14)  i n  terms of (y '  , : ) I )  are  
".* 

where t h e  d o t s  mean d / d t  and where P i s  g i v e n  by (l4a); E ,  H ,  and 

are to be e x p r e s s e d  i n  terms of ( G ]  8 ,  PI,  K ,  u') , a p rocedure  t h a t  i s  

i n  p r i n c i p l e  p o s s i b l e  g i v e n  the form of t h e  f i e l d .  

,..In 
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k ON THIS SURFACE P = Po J / 
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A T t - O  

SURFACE 

F i g u r e  L: The geometry  used  i n  the  c a l c u l a t i o n  of t h e  second a d i a b a t i c  i n v a r i a n t .  



By u s i n g  t h e  s y s t e m a t i c  method f o r  f i n d i n g  t h e  5' v a r i a b l e s ,  

w e  o b t a i n  

1 

The i n t 5 g r a l  ~ o d J $ ( u " > V a ( u 4 ' )  i s  ( t o  t h e  o r d e r  needed)  t h e  a v e r a g e  of 

CY o v e r  t h e  u n p e r t u r b e d  p a t h  and w i l l  be deno ted  <by>, and s i m i l a r l y  

f o r  3. Tile e q u a t i o n s  of motion f o r  the zt v a r i a b l e s  have n o t  been 

o b t a i n e d  from (14)  because  they  a r e  n o t  needed i n  c a l c u l a t i n g  t h e  

second i n v a r i a n t .  

The second i n v a r i a n t  ( s i n c e  p m x  4- e&($)) i s  
M' 

where (7) h a s  been used  and t h e  i n t e g r a t i o n  v a r i a b l e  swi t ched  t o  U' 

from $ I .  The i n t e g r a l  ( 2 4 )  i s  independent  of @. The r ange  of 

i n t e g r a t i o n  f o r  e i t h e r  @ I  o r  u t  i s  0 t o  1.  The r i g h t  s i d e  of (24)  
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m u s t  be e v a l u a t e d  th rough  o r d e r  8 so as t o  g e t  t h e  J1 term of t h e  

ser ies  J o  + s J ~  + - - - - - - -  The c o n t r i b u t i o n  t o  o r d e r  1 / c  i n  (2L) 

v a n i s h e s  because  i t  i s  l / s  times the magnet ic  f l u x  th rough  t h e  

z e r o - o r d e r  t r a j e c t o r y .  But t h e  ze ro -o rde r  t r a j e c t o r y  i s  a l o n g  a 

f i e l d  l i n e  and back a l o n g  the same p a t h ,  t h u s  e n c l o s i n g  n o  f l u x .  

The c o n t r i b u t i o n  t o  o r d e r  1 i n  (24.) w i l l  be J o ,  so w e  need  up t o  

and i n c l u d i n g  o r d e r  E .  

To g e t  : ( E ! ,  u t ,  @) c o r r e c t  through o r d e r  c 2  and ~ ( z ' ,  u', @) 

c o r r e c t  t h rough  o r d e r  t: i s  s t r a i g h t f o r w a r d  and t e d i o u s .  Great 

s i m p l i f i c a t i o n  o c c u r s  when w e  set @ = 0. When @ = 0 ,  u - 0 a l s o ,  

as shown by ( 1 3 d ) .  From (13a-c) we then  have t h a t  E' = p C = 0 ,  
IC\ .,. 

and H = 7 .  I n  f a c t  a c c o r d i n g  t o  the  g e n e r a l  t h e o r y  t h e s e  are 

e x a c t  r e l a t i o n s  ( t o  a l l  o r d e r s  i n  e )  when Cp = 0. Then from (11) 

The n e x t  s t e p  i s  t o  e x p r e s s  (z, C, H) i n  terms of (2,' , u ' )  . 
p r i n c i p l e  i t  i s  p o s s i b l e  t o  i n v e r t  t h e  d e f i n i t i o n s  of t h e  ( y l ,  u ' )  

t o  ge t  ( P ,  C, H )  i n  terms of  ( y ' ,  u ' ) .  

I n  

,>* 

L e t  
tu.. -> 

N .  P & ( a ,  p ,  M ,  K ,  u t )  ( 2 6 )  

be  t h e  fo rmula  f o r  2 o b t a i n e d  by i n v e r s i o n .  

o b t a i n e d  by s u b s t i t u t i o n  of (23) i n t o  t h e  f u n t i o n  R and then  T a y l o r -  

expanding  : 

Then g(z', 0 ' )  i s  

& 
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where t h e  T ,  &, and  B are t o  b e  expres sed  as f u n c t i o n s  of (L', u ' ) .  

C o n s i d e r  t h e  c o n t r i b u t i o n  of the v e c t o r  p o t e n t i a l  t o  t h e  i n t e g r a l  

i n  ( 2 4 ) :  

n n A n  A 

where z(z', u ' )  i s  t o  b e  r e p l a c e d  from ( 2 7 ) .  

(28)  i s  needed th rough  o r d e r  c 2 ,  i t  seems t h a t  the c i  term of : ( E ' ,  u l )  

S i n c e  t h e  i n t e g r a l  

would be needed .  A s  t h e  fo l lowing  a n a l y s i s  w i l l  show, n e i t h e r  i t  

n o r  (c2C2/B2) (M-VM -MM*VB/B) c o n t r i b u t e s  and a l l  of  t h e  o r d e r  6' 

c o n t r i b u t i o n  t o  t h e  i n t e g r a l  a r i s e s  from t h e  p r o d u c t s  o f  f i r s t  o r d e r  

A A A n  

n..M 

terms. 

c o n s t a n t  2 '  d o e s  n o t  make r ( z ' ,  u l )  f o l l o w  a f i e l d  l i n e  u n l e s s  

C Y [ L ( ~ ' ,  u ' ) ]  and  S[;(:.', u t ) ]  a r e  independen t  of  u t ;  bu t  t h e y  do depend 

on u ' .  I n  f a c t  

The p a t h  of i n t e g r a t i o n  i s  a t  c o n s t a n t  5'. Varying u '  a t  

,¶A- Ally 

and 
A 
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The r i n g  of  c o n s t a n t  z '  might l ook  a s  i n  F i g .  4.  The 

v e c t o r - p o t e n t i a l  i n t e g r a l  i n  (28) i s  t h e  magne t i c  f l u x  p a s s i n g  

t h r o u g h  t h i s  r i n g ,  and t h a t  i s  t h e  n e g a t i v e  of t h e  doub le  i n t e g r a l  

JSdadp ove r  t h e  r i n g ,  because A i s  aVB. 

might  look as  i n  F i g .  5 .  The double i n t e g r a l  i s  t h e  area of t h i s  

r i n g ,  which by a l i t t l e  geometry i s  

- 

I n  an a - 8  p l a n e  t h e  r i n g  

where a and 

The d i f f e r e n c e  d ( ~ !  , u t )  - z($ , 0 )  i s  o r d e r  E 

of  e a c h  i s  2 1 ' .  Moreover a ( r ( z ' ,  u')/au' i s  o r d e r  G .  S i m i l a r  

s t a t e m e n t s  h o l d  f o r  B ( E ' ,  u t ) .  

4 and  5 ,  where t h e  d e v i a t i o n  a( 2 '  , u '  ) - ~'(2' , 0)  o f  t h e  r i n g  from 

are g i v e n  i n  (29)  and (30) as  f u n c t i o n s  of ( & I ,  u ' ) .  

s ince  t h e  z e r o  o r d e r  

LL 

These f a c t s  are a l s o  c l e a r  from F i g s .  

c 

t h e  u' = 0 f i e l d  l i n e  i s  due t o  t h e  d r i f t s ,  which are of o r d e r  c .  To 

summarize,  (31) v a n i s h e s  th rough  o r d e r  8 w h i l e  i t s  e 2  p a r t  comes o n l y  

from t h e  p r o d u c t s  of 8 terms. 
A A 

We w i l l  n e x t  show t h a t  o n l y  t h e  c C ( E . V a ) / B  and GC(:.VB)/B terms 

of ( 2 9 )  and (30) c o n t r i b u t e  t o  ( 3 1 ) ;  p r o d u c t s  of 6 terms con ing  from 

t h e  6 and p a r t s  a l l  c a n c e l .  S u b s t i t u t i o n  of (29)  and (30) i n t o  (31) 

g i v e s  



Figure 5: An integration ring in the a - B p l a n e .  





i n  (33) become 

F u r t h e r  p r o g r e s s  depends  on a theorem: 

g ( u )  such  t h a t  f(1-u) e q u a l s  f ( u )  and  g ( 1 - u )  e q u a l s  g ( 1 )  - g ( u ) .  

Given two f u n c t i o n s  f ( u )  and 

1 1 
Then r d u g ( u ) f ( u )  = .Eg(l)s d u f ( u ) .  I n  (35)  t h e  f i r s t  term i s  

1 1 0  0 . ,  . 
~ o @ / o & ~ ' .  C l e a r l y ,  u '  i s  a g f u n c t i o n .  

t h i s  i s  because  1-u' i s  t h e  same p o i n t  on t h e  z e r o - o r d e r  f i e l d  l i n e  

as u ' ,  and t h e  d r i f t  v e l o c i t y  which p roduces  a and 8 i s  independent  

of t h e  s i g n  of t h e  p a r a l l e l  g u i d i n g - c e n t e r  v e l o c i t y .  A p p l i c a t i o n  

A l s o ,  h i s  an  f f u n c t i o n ;  

I I 

of t h e  theorem now g i v e s  r lGu '&ut>  - - &ap, and s i m i l a r l y  + u t >  = kp. 
0 

And so t h e  f i r s t  two terms of (35) c a n c e l .  I n  t h e  last  t e r m  we have 

u t  1 .  
d u ' @ ( u ' ) l  du"&(u* ' ) ,  where ( u ' )  i s  an  f f u n c t i o n ,  and ~ ~ u " ~ ( ~ ~ ~ )  

s o  0 

i s  a g f u n c t i o n  o f  i t s  upper  l i m i t .  A p p l i c a t i o n  o f  t h e  theorem y i e l d s  

&$><a>. 

t h e  v e c t o r  p o t e n t i a l  t o  J ( ~ ' ) / r n  i s  

Thus a l l  t h e  T2 terms d i s a p p e a r  and t h e  E c o n t r i b u t i o n  of  

1 

I n  t h i s  e x p r e s s i o n  J means It( 21 ' , z 2 ' ,  23', 24' , u ' ) ,  and C i s  

[ 2 z 3 '  B(aIF  t o  t h e  o r d e r  needed.  The & and $ are t o  be e x p r e s s e d  

as f u n c t i o n s  of 5' and u t s  

1 
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We now t u r n  t o  t h e  e v a l u a t i o n  of t h e  i n t e g r a l  i n  (24 )  contaiLi ing 

t h e  v e l o c i t y .  S u b s t i t u t e  2 anti v from (25)  i n t o  ( 2 4 ) :  
n.. 

where (E, H ,  C )  are t o  be expres sed  i n  t e rms  of (2' , u ' )  . 

(27 )  g i v e s  €'(z' IC , u ' ) ;  H ( z ' ,  u ' )  and C ( z '  H , u ' )  can be o b t a i n e d  by 

i n v e r t i n g  t h e  d e f i n i t i o n s  o f  t h e  y '  v a r i a b l e s  ant1 then  e x p r e s s i n g  

y '  i n  terms of (21, u t ) .  

Equa t ion  
,I.. 

.v.. 

A.v 

'Xie lowes t  o r d e r  of (37) i s  found t o  be t h e  

i n  v a r  i an t 

where t h e  p l u s  s i g n  i s  t o  be used f o r  Oh',& and 

46~' L1 , because  t h e  p a r a l l e l  v e l o c i t y ,  wiiich t o  

changes  s i g n  a t  t h e  t u r n i n g  p o i n t  where a '  i s  3,. 

us!:al l o n g i t u d i n a l  

t h e  minu.; s i g n  f o r  

i o v e s t  o r d e r  i s  1-1, 

The p l u s - o r  -minus 

s i g n  i s  e s s e n t i a l ;  w i t h o u t  i t  ,IO would vanis11 becauseL*a&Ya,u. ' ,has 

o p p o s i t e  s i g n s  b u t  t h e  same magnitude a t  u '  a n d  1 - u ' .  Eecause  of i t ,  

many terms i n  J 1  w i l l  v a n i s h  due t o  t h e  symmetry p r o p e r t i e s  of t h e i r  

i n t e g r a n d s .  
8 

The E p a r t  of (37) i s  n o t  d i f f i c u l t  t o  c a l c u l a t e .  Many terms 

v a n i s h  due t o  t h e  symmetry of the  i n t e g r a n d .  A sample term i s  
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* A  A A  1 
s s O 2 2 3 '  a M:v$ which v a n i s h e s  because  G * V N  i s  t h e  same a t  u '  

and  1.- u t ,  b u t  a&lau! h a s  o p p o s i t e  s i g n s .  The r e s u l t  w e  f i n d  f o r  

t h e  c o n t r i b u t i o n  of t h e  v e l o c i t y  t o  J l m  i s  

a u t  - N. 

The l a s t  i n t e g r a l  v a n i s h e s  because aglaul i s  p a r a l l e l  ( o r  a n t i - p a r a l l e l  

t o  L and LL:VM + ML:VL = L'V(L.M) = 0. 
A A I  A A i  A A A *  

mm mM. c * h  m 

When (36) and (39) are added t h e r e  i s  a term c o n t a i n i n g  t h e  

f a c t o r  [ ( i . a_R/az l  I )  + ( ~ - V s l B ) ]  

(see r e f e r e n c e  7 ,  page 51) V @ / B  

(ay B )  sys tems.  The r e s u l t  f o r  

which v a n i s h e s  because  of t h e  r e l a t i o n  

= L x a;/azl' which h o l d s  f o r  t h e s e  

J ( z ' )  i s  

A - 
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' C (*)2'(24! - z ~ ' B ) X .  m + O ( E 2 ) .  

J (C)  can  be e x p r e s s e d  i n  terms of t h e  ( y ' ,  U ' )  v a r i a b l e s ,  
A4. 

which have  more p h y s i c a l  appea l  t han  t h e  o n e s .  The r e v e r s i o n  

i s  n o t  t o o  d i f f i c u l t  i f  l i b e r a l  u s e  i s  made of t h e  theorem r e g a r d i n g  

f and g t y p e  f u n c t i o n s .  We g ive  o n l y  t h e  r e s u l t :  

D e f i n i t i o n s  and e q u a t i o n s  needed t o  i n t e r p r e t  Eq.  (41) are: 

y ' :  a v e c t o r  w i t h  components cy, p ,  M ,  and K .  

u': d e f i n e d  i n  Eq. ( 2 0 ) .  

n, 

cy and B :  f u n c t i o n s  of p o s i t i o n ,  c o n s t a n t  on a f i e l d  l i n e ,  such t h a t  

A = 
M 

M :  

K :  t h e  p a r t i c l e  e n e r g y ,  (E2 + H 2 ) / 2 .  

T:  t h e  p e r i o d  of o s c i l l a t i o n ,  d e f i n e d  below Eq. ( 2 0 ) .  

t h e  magnet ic  moment c o n s t a n t  th rough o r d e r  E ,  g iven  by Eq. (18). 

G ( z '  , u ' )  and B(y',  LL u ' ) :  t h e  rate of  change of  ct and B due  t o  t h e  

d r i f t s ,  and g i v e n  by Eq. (22 )  and (l4a). 
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<&: t h e  rate of change  o f  CY ave raged  o v e r  a l o n g i t u d i n a l  

1 .  

0 
o s c i l l a t i o n  and g i v e n  by r dUICY(xt , u t )  ~ 

similar t o  <6>, <b>: Thus  & and <i> are f u n c t i o n s  of y '  i n  
u1 

E q .  (41 ) .  

E, H, i: 
€$a, @ ,  M ,  K ,  u'): d e f i n e d  by Eq. (26) .  

L :  t h e  u n i t  v e c t o r  g/B. 

t h e  g u i d i n g - c e n t e r  v a r i a b l e s ,  d e f i n e d  by E q .  (13) .  

h - 
c :  mass t o  c h a r g e  r a t i o  m / e .  

The f i r s t  i n t e g r a l  (41) c o n t a i n s  E terms i n  M ,  which i s  M o  + EM,; 

f o r  a g i v e n  M and K t h e  i n t e g r a l  i s  a f u n c t i o n  of o n l y  CY and p - -  

i . e .  , of t h e  f i e l d  l i n e  on which t h e  g u i d i n g - c e n t e r  i s  l o c a t e d ,  

The i n t e g r a l  i s  t aken  between z e r o s  of K - M B ( l t )  , even though 

t h e  g u i d i n g - c e n t e r  n e v e r  a c t u a l l y  moves a l o n g  the l i n e @ ,  p )  between 

t h e s e  " v i r t u a l "  m i r r o r  p o i n t s ,  C and D i n  F i g .  6 .  The g u i d i n g - c e n t e r  

w i l l  e v e n t u a l l y  be r e f l e c t e d  on some f i e l d  l i n e ,  b u t  i t  g e n e r a l l y  

w i l l  n o t  be  t h e  l i n e  CD.  

The term of  J p r o p o r t i o n a l  t o  T2 i s  o f  o r d e r  g ,  s i n c e  & and @ 

are of o r d e r  E .  It depends  on u '  t h rough  t h e  upper  l i m i t  of t h e  

i n t e g r a l ,  and v a n i s h e s  a t  u '  = 0 ,  %, and  1 .  

v a n i s h e s  when v 0 ,  t h e  e n t i r e  cJ, v a n i s h e s  a t  t h e  mir ror  p o i n t s .  

Thus t h e  g u i d i n g - c e n t e r  t r a j e c t o r y  w i l l  look  somewhat as i n  F i g .  6 ,  

o s c i l l a t i n g  a b o u t  t h e  s u r f a c e  of c o n s t a n t  J o y  b u t  a lways  c o i n c i d i n g  

w i t h  i t  a t  t h e  mirror  p o i n t s .  I n  t h e  f i g u r e ,  t h e  d o t t e d  p a r t  o f  t h e  

I n  f a c t  b e c a u s e   EM^ 

I I  = 



-32 

F i g u r e  6: The g u i d i n g  c e n t e r  o s c i l l a t e s  abou t  t h e  s u r f a c e  of 
c o n s t a n t  JO 
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t r a j e c t o r y  l i e s  below t h e  JO s u r f a c e .  

A s  shown by Eq. (21)  t h e  r a d i c a l  i2 % ( K  - MB)* i n  t h e  f i r s t  

t e r m  of  J / m  i s  n o t  t h e  p a r a l l e l  g u i d i n g - c e n t e r  v e l o c i t y  t h r o u g h  

o r d e r  E. However t h e  i n t e g r a l  o v e r  a comple t e  p e r i o d  of  t h e  

d i f f e r e n c e  does  v a n i s h ;  t h e  o r d e r  E term on t h e  r i g h t  s i d e  of ( 2 1 )  

i s  p r o p o r t i o n a l  v and t h e r e f o r e  h a s  o p p o s i t e  s i g n s  i n  t h e  r a n g e s  

V I  = 0 t o  and t o  1, whereas &*a&/au'  h a s  t h e  same s i g n .  

Thus t h e  i n t e g r a l  of t h e  o r d e r  E d i f f e r e n c e  v a n i s h e s  by symmetry. 

Fo r  a similar r e a s o n ,  even t h e  term of M I  t h a t  i s  p o r p o r t i o n a l  

t o  H would c o n t r i b u t e  n o t h i n g  t o  t h e  i n t e g r a l ,  l e a v i n g  o n l y  t h e  

I/ 
n 

I V :  DIRECT DERIVATION 

V e r i f i c a t i o n  t h a t  d ( J / m ) / d t  = O ( s 2 )  w i l l  s e r v e  as a check 

on t h e  r e s u l t  and a t  t h e  same t i m e  s u g g e s t  a d i r e c t  d e r i v a t i o n  of 

J t h a t  s h o r t c u t s  much of  t h e  p r e s e n t  work. We have 

So w e  need a (J /m) /aa ,  and a ( J / m ) / a g  c o r r e c t  o n l y  t o  z e r o  o r d e r ,  

s i n c e  & and @ are of  o r d e r  e .  I n  r e f e r e n c e  (3)  i t  i s  shown t h a t  
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Fur the rmore ,  6' i s  1 / T  and b ( J / m ) / b u '  e q u a l s  (TZ/q)(<B& - <&>fj). 

P u t t i n g  i t  a l l  t o g e t h e r  g i v e s  what we w a n t :  d ( J / m ) d t  O ( e 2 ) .  

The d i r e c t  d e r i v a t i o n  goes  as f o l l o w s :  s ta r t  wi th  t h e  t i m e  

d e r i v a t i v e  of t h e  lowes t  o r d e r  J ,  

and by (43)  c o n v e r t  t h i s  t o  

where M o  has  been r e p l a c e d  by - sM1, The p e r i o d  T ,  which depends 

on t ime h a s  been p l aced  i n s i d e  t h e  d / d t  because  i t s  t ime d e r i v a t i v e  

i s  p r o p o r t i o n a l  t o  t h e  o r d e r  e d r i f t s ,  making t h e  e r r o r  of o r d e r  e . 2 

. The term c o n t a i n i n g  M1 may be w r i t t e n  as 

Because J o  i s  an i n t e g r a l  a long  a f i e l d  l i n e ,  so i s  a ( J o / m ) / d M o ,  

which i s  p r o p o r t i o n a l  t o  a>, the  average  magnet ic  f i e l d  ove r  ar! 

o s c i l l a t i o n .  The re fo re  a(Jo/m)/aMo i s  changed on ly  by t h e  o r d e r  c 
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d r i f t s  so t h a t  cMi - '@A) i s  of O ( g 2 )  and can  be d ropped .  d t  aMo 

Transpos ing  a l l  terms of (45) t o  t l le  l e f t  s i d e  and i n t e g r a t i n g  

o v e r  t i m e  g i v e s  

c 

or  

A t  t h i s  p o i n t  we would have the- r e s u l t ,  e x c e p t  f o r  t h e  f a c t  t h a t  

t h e  i n t e g r a l  i s  o v e r  t i m e  i n  (46) and so i s  n o t  a l o c a l  clLlantity. 

T h i s  o b j e c t i o n  can be  c i rcumvented  by r e a l i z i n g  t h a t  t h e  c o r r e c t i o n  

sJ1 to J o  shou ld  be  small, which means t h a t  t h e  g u i d i n g  c e n t e r  

shou ld  be d i s t a n t  o n l y  o r d e r  E from t h e  su rEace  on which JO i s  

c o n s t a n t .  

by t h e  i n t e g r a l  from C t o  F a long  t h e  i n s t a n t a n e o u s  f i e l d  l i n e ,  and  

f i n a l l y  w e  have  (41) .  

t h e  d r i f t s ,  and t h e  t o t a l  sJ1 ar i ses  from t h i s  and Erom t h e  c o r r e c t i o n  

o f  t h e  l o w e s t - o r d e r  magne t i c  moment. 

The t i m e  i n t e g r a l  from A t o  F i n  F i g .  6 can be r e p l a c e d  

The u t -dependent  t e r m  i s  j u s t  t h e  e f f e c t  of 

The d i r e c t  d e r i v a t i o n  a l s o  r e v e a l s  t h a t  t h e  c l o s e d  f i e l d - l i n e  

case must y i e l d  t h e  same e x p r e s s i o n  f o r  J1 as t h e  o s c i l l a t o r y  case,  

which h a s  been c o n s i d e r e d  t o  t h i s  p o i n t .  I n  t h e  c l o s e d  f i e l d - l i n e  
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case,  t h e  g u i d i n g  c e n t e r  t r a v e r s e s  t h e  l i n e  a lways  i n  t h e  same 

s e n s e ,  p a r a l l e l  o r  a n t i p a r a l l e l  to:, b u t  w i t h  v a r y i n g  s p e e d ,  

depending  on t h e  magni tude  of g. At t h e  same t i m e  i t  d r i f t s  

s l o w l y  a t  r i g h t  a n g l e s  t o  t h e  l i n e .  There  i s  n o t h i n g  i n  t h e  

d i r e c t  d e r i v a t i o n  t h a t  re l ies  on t h e  o s c i l l a t o r y  m o t i o n ,  t h u s  

w e  may conc lude  t h a t  t h e  form of  t h e  e x p r e s s i o n  (41) f o r  J w i l l  

b e  unchanged;  u ’  may be taken as  0 and 1 a t  an a r b i t r a r y  p o i n t  

on t h e  f i e l d  l i n e ,  and o n l y  one o f  t h e  p l u s - o r - m i n u s  s i g n s  w i l l  

be  needed .  

There  i s  however a d i f f e r e n c e  between t h e  o s c i l i a t o r y  and 

c l o s e d  f i e l d  l i n e  cases - namely, t h a t  t h e  o r d e r  E d i f f e r e n c e  

between t h e  i n t e g r a l  o f  v and of i 2 ib ( K  - M B )  h no l o n g e r  v a n i s h e s ,  
I I  

and t h e  f i r s t  i n t e g r a l  on t h e  r i g h t  s i d e  of (41) may n o t  be r e p l a c e d  

by P , , d s ,  n o r  may t h e  p a r t  of s M 1  t h a t  i s  p r o p o r t i o n a l  t o  H b e  

o m i t t e d .  

The d i r e c t  d e r i v a t i o n  a l s o  raises t h e  q u e s t i o n  d why t h e  t i m e  

d e r i v a t i v e  of t h e  magne t i c  moment (as  i n  E q .  4.4) d i d  n o t  need  t o  

be c o n s i d e r e d  i n  ea r l i e r  p r o o f s  ( r e f e r e n c e s  3 and  7)  o f  t h e  con 

s e r v a t i o n  of Jo. The answer depends  on whether  J o  i s  d e f i n e d  w i t h  

( K  - M O B ) *  o r  w i t h  ( K  -MB)*, which i n c l u d e s  some terms o f  o r d e r  6 .  

I f  t h e  f o r m e r ,  t h e  p r o o f s  should  indeed  c o n s i d e r  t h e  e f f e c t  o f  M o ,  
L 

S i n c e  t h e  p r o o f s  show o n l y  t h a t  <d ( Jo /m) /d t>  O ( s 2 )  - -  i . e . ,  t h a t  

J o  i s  o n l y  conse rved  on t h e  a v e r a g e ,  i t  i s  o n l y  n e c e s s a r y  t o  show 

t h a t  

(€/T)AM1 , wherenM1 i s  t h e  change i n  M 1  between t h e  t i m e  t h e  g u i d -  

T o  
v a n i s h e s ,  T h i s  i s  e a s y  t o  do:  40,  EM^> = 4E/T)J  dtM1 = 

0 
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i n g  c e n t e r  l e a v e s  one m i r r o r  and ( t o  lowes t  o r d e r )  r e t u r n s  t o  

i t  a g a i n .  But  from (18) t h i s  change i s  z e r o  because M I  i s  

z e r o  when H i s  z e r o .  I f  on t h e  o t h e r  hand J o  i s  d e f i n e d  w i t h  M 

i r ; s t ead  o f  Mo, p r e v i o u s  p r o o f s  are v a l i d .  I n  p r a c t i c e ,  def ining,  

J O  w i t h  M i s  p r e f e r a b l e  because of  t h e  u s e  t o  which Jo i s  u s u a l l y  

p u t .  The i n v a r i a n c e  of JO i s  o f t e n  used  t o  d e t e r m i n e  t h e  s u r f a c e  

on which the g u i d i n g - c e n t e r  moves on t h e  a v e r a g e .  I n  a numer i ca l  

c a l c u l a t i a n  t o  f i n d  t h e  s u r f a c e  one p i c k s  a number r e p r e s e n t i n g  

t h e  magnet ic  moment and h o l d s  t h i s  number c o n s t a n t ,  so t h a t  i n  

e f f e c t  one i s  u s i n g  Mo + E M , .  

The above d i s c u s s i o n  l e a d s  t o  t h e  f i n a l  s u b j e c t  t o  be t r e a t e d -  

namely,  t h e  o r d e r  t o  which t h e  second i n v a r i a n t  i s  conse rved .  

S i n c e  Jo i s  an i n t e g r a l  a long  a f i e l d  l i n e ,  t h e  p a r a l l e l  v e l o c i t y  

does  n o t  change i t ,  and t h e r e f o r e  d ( J o / m ) d t  = O ( e ) :  Jo i s  t r i v i a l l y  

conse rved  t o  lowes t  o r d e r  and i s  a f f e c t e d  by t h e  d r i f t s ,  which are 

of  o r d e r  e .  The u s u a l  proof  of t h e  i n v a r i a n c e  of  J o  ( r e f .  3)  does  

n o t  show t h a t  t h e  e term i s  ze ro ,  bu t  o n l y  t h a t  i t s  ave rage  v a n i s h e s :  

<d ( Jo /m) /d t>  = O ( e 2 ) .  So f a r  i t  would n o t  matter whether  t h e  com- 

p l e t e  set  of e q u a t i o n s  (1.4) were used  o r  t h e  h y b r i d  s e t  (17) .  The 

d r i f t s  are t h e  same f o r  e a c h ,  and t h e s e  are what are i n v o l v e d  i n  

t h e  p r o o f s  t h a t  Jo i s  conserved  on t h e  a v e r a g e .  I n  t h e  p r e s e n t  

pape r  w e  l x v e  shown t h a t  ( l / m )  d ( J o  + c J l ) / d t  = O ( c 2 )  w i t h o u t  

any  i.iveraging i n v o l v e d ,  b u t  the f u l l  set of e q u a t i o n s  (11,) m u s t  be 

used  i n  o r d e r  t h a t  dM/dt = O ( L ~ ) .  
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